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1. Introduction and statement of results
Let Γ +0 (p) be the group generated by the Hecke group Γ0(p) and the Fricke involution Wp =( 0 −1
p 0
)
. Throughout the paper we assume that p is 1 or a prime number for which the genus of
Γ +0 (p) is zero, that is,
p ∈ {1,2,3,5,7,11,13,17,19,23,29,31,41,47,59,71}.
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2024 S. Choi, C.H. Kim / Journal of Number Theory 131 (2011) 2023–2036For k ∈ Z and any meromorphic function f on H (= complex upper half plane), we deﬁne the action
of γ = ( a b
c d
) ∈ GL+2 (R) by
( f |kγ )(z) = (detγ )k/2(cz + d)−k f (γ z).
In what follows we assume that k is an even integer greater than 2. Bol’s identity [11, Formula (4.14)]
then says that for any γ ∈ SL2(R), we have
dk−1
dzk−1
( f |2−kγ ) =
(
dk−1 f
dzk−1
)∣∣∣∣
k
γ .
Let Mk(Γ
+
0 (p)) (resp. Sk(Γ
+
0 (p))) be the vector space of holomorphic modular forms (resp. cusp
forms) and M !k(Γ
+
0 (p)) be the space of of weakly holomophic modular forms (that is, meromorphic
with poles only at the cusps) of weight k for Γ +0 (p). Let S
!
k(Γ
+
0 (p)) be the subspace of M
!
k(Γ
+
0 (p))
consisting of weakly holomorphic modular forms for Γ +0 (p) with zero constant term. Denote by D
the differential operator
D = q d
dq
= 1
2π i
d
dz
.
Bol’s identity implies that
Dk−1
(
M !2−k
(
Γ +0 (p)
))⊆ S !k(Γ +0 (p)).
Noting that Sk(Γ
+
0 (p)) is contained in S
!
k(Γ
+
0 (p)) and D
k−1(M !2−k(Γ
+
0 (p))) ∩ Sk(Γ +0 (p)) = {0}, we
denote by ̂Sk(Γ
+
0 (p)) the quotient
̂Sk
(
Γ +0 (p)
) := S !k(Γ +0 (p))/(Dk−1(M !2−k(Γ +0 (p)))⊕ Sk(Γ +0 (p))).
When the level p is equal to 1, Guerzhoy [6] showed that the factor space ̂Sk(Γ (1)) is dual to
Sk(Γ (1)) with respect to a pairing deﬁned in (1). He showed that the pairing is non-degenerate and
Hecke-equivariant. As an application, he proved the congruences connecting Hecke eigenvalues. In this
paper we extend his result to the higher level cases.
Theorem 1.1. The C-linear space ̂Sk(Γ
+
0 (p)) is ﬁnite-dimensional. More specially
dim ̂Sk
(
Γ +0 (p)
)= dim Sk(Γ +0 (p)).
Let f =∑∞n=−h a f (n)qn ∈ S !k(Γ +0 (p)) be a representative of f̂ ∈ ̂Sk(Γ +0 (p)) and g =∑∞n=1 ag(n)qn ∈
Sk(Γ
+
0 (p)). Deﬁne the pairing { f̂ , g} by
{ f̂ , g} :=
h∑
n=1
a f (−n)ag(n)
nk−1
. (1)
Then the pairing { f̂ , g} is well deﬁned. That is, it does not depend on the choice of the represen-
tative f . Indeed, let φ =∑∞n=1 aφ(n)qn ∈ Sk(Γ +0 (p)) and ϕ =∑∞n=−i aϕ(n)qn ∈ Dk−1(M !2−k(Γ +0 (p))).
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Letting ϕ1 =∑∞n=−i aϕ1 (n)qn , we see that aϕ(n) = nk−1aϕ1 (n) for all n−i. Hence we obtain that
{φ̂ + ϕ, g} = {ϕ̂, g} =
i∑
n=1
aϕ(−n)ag(n)
nk−1
= −
i∑
n=1
aϕ1(−n)ag(n).
Applying the residue theorem to a weakly holomorphic modular form ϕ1g of weight 2, we have that
{φ̂ + ϕ, g} = −
i∑
n=1
aϕ1(−n)ag(n) = 0
since the group Γ +0 (p) has only one cusp. Consequently, we get { ̂f + φ + ϕ, g} = { f̂ , g}.
Theorem 1.2. The pairing ̂Sk(Γ
+
0 (p)) × Sk(Γ +0 (p)) → C deﬁned in (1) is non-degenerate.
For each positive integer n coprime to p, the Hecke operator Tn on the space of cusp forms for
Γ0(p) deﬁned in the usual way (see [15]) acts on Sk(Γ
+
0 (p)) (see [12, Theorem 4.5.5] or [1, Lemmas 6
and 11]). A common eigenform of all Hecke operators Tn with n coprime to p is called a Hecke eigen-
form. The Hecke operator Tr with prime indices r(	= p) acting on S !k(Γ +0 (p)) is deﬁned in the same
way. The same argument as in [12, Lemma 4.5.14] shows that if f ∈ S !k(Γ +0 (p)) having q-expansion∑
a f (n)qn , then
Tr f =
∑(
a f (rn) + rk−1a f (n/r)
)
qn. (2)
By a straightforward calculation using (2) we obtain
Tr
(
Dk−1g
)= rk−1Dk−1(Tr g) (3)
for all g ∈ M !2−k(Γ +0 (p)) which allows us to deﬁne the action of Hecke operators Tn on the space
̂Sk(Γ
+
0 (p)) for each positive integer n coprime to p.
Theorem 1.3. (i) The above pairing is Hecke equivariant. Speciﬁcally, for any prime r(	= p)
{Tr f̂ , g} = { f̂ , Tr g}.
(ii) The space ̂Sk(Γ
+
0 (p)) has a basis consisting of Hecke eigenforms; the eigenvalues are the same as for
Sk(Γ
+
0 (p)).
Let K be a number ﬁeld and O K be the ring of integers in K . Fix a prime s and a place v over
s in O K and let O K ,v denote the localization of O K at v . If f =∑anqn is a formal power series
in O K ,v [[q]], then we say that f is v-integral. If F (x) is a polynomial in x with coeﬃcients in O K ,v ,
then F is called v-integral. In particular, when K is the rational number ﬁeld we use the terminology
s-integral.
Let
Ek(z) = 1− 2kBk
∞∑
σk−1(n)qn, E+k (z) = E+k,p(z) =
Ek + pk/2Ek(pz)
1+ pk/2
n=1
2026 S. Choi, C.H. Kim / Journal of Number Theory 131 (2011) 2023–2036and
Gk(z) = − Bk2k Ek(z), G
+
k (z) = Gk(z) + pk/2Gk(pz) =
∑
t(n)qn
where Bk is the k-th Bernoulli number and σk−1 stands for the usual divisor sum. Let j+p be the
Hauptmodul for Γ +0 (p) with q-expansion of the form j+p (z) = 1q + O (q). It is well known [4,8,2]
that j+p has a Fourier expansion with integral coeﬃcients at the cusp ∞. Let φm(x) be the unique
polynomial in x with integral coeﬃcients such that
φm
(
j+p (z)
)= q−m + O (q).
Theorem 1.4. Let p ∈ {1,2,3,5,7,11,13,17,19} and r be a prime other than p. Choose a prime s > 3
such that ( ps ) 	= −1. For each p and s, select a positive integer k satisfying k ≡ 2 (mod s − 1) and 1  t :=
dim Sk(Γ
+
0 (p)) < s. Let {
fn =
∑
m>0
λ(n,m)qm
∣∣∣ n = 1,2, . . . , t}
be a basis of Sk(Γ
+
0 (p)) consisting of normalized Hecke eigenforms and K be a number ﬁeld generated by all
eigenvalues λ(n,m). Let f ∗n =
∑
m−t μ(m,n)qm with μ(m,n) ∈ C be a representative in S !k(Γ +0 (p)) of the
element in ̂Sk(Γ
+
0 (p)) which is dual to fn with respect to the pairing. If μ(−m,n) is v-integral for all m with
1m t, then the following congruence
− 2k
Bk
(
t(r) − λ(n, r)) t∑
m=1
μ(−m,n)
mk−1
t(m)
≡ (1+ pk/2)( t∑
m=1
μ(−m,n)
mk−1
(
φmr(x) − λ(n, r)φm(x)
)) (
mod Ψs(x)
)
holds in (O K ,v/vO K ,v)[x] where Ψs(x) is a unique polynomial associated with E+s−1 , denoted by F˜ (E+s−1, x)
in Theorem 2.5(iv).
Remark 1.5. (1) In Theorem 1.4 the s-integrality of 2kBk follows from the Kummer congruence.
(2) The Hecke eigenvalues λ(n, r) are always real algebraic integers so that they are v-integral (see
Theorem 2.9 in Section 2).
(3) We may assume that μ(−m,n) is v-integral by considering a multiple of f ∗n .
Example 1.6. We consider a simple case that k = 10 and s = p = 5. Then we have that t =
dim S10(Γ
+
0 (5)) = 1, μ(−1,1) = 1, Ψ5(x) = x+ 172/13 and
φ1(x) = x,
φ2(x) = −268+ x2,
φ3(x) = −2280− 402x+ x3,
φ7(x) = −67033064− 6799758x+ 2052848x2 + 227969x3 − 5320x4 − 938x5 + x7, etc.
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to 
+5 (z)E
+
6 (z). Then we have that λ(1,2) = −8, λ(1,3) = −114, λ(1,7) = 4242, etc. Now by Theo-
rem 1.4 we obtain that
φr(x) − λ(1, r)x ≡ σ9(r) − λ(1, r)
(
mod Ψ5(x)
)
(4)
holds in (Z(5)/5Z(5))[x]. More explicitly, we come up with
x2 + 3x− σ9(2) + 4≡ 0,
x3 + 7x− σ9(3) + 1≡ 0,
x7 + 2x5 + 4x3 + 3x2 − σ9(7) + 3≡ 0
(mod x+ 172/13) hold in (Z(5)/5Z(5))[x].
We now give an application. In [14], Shigezumi showed that E+4 (z) has a unique simple zero at an
ordinary point. We denote the ordinary point by ξ . Noticing
E+4 (ξ) = 0 and
E+4 (z)

+5 (z)
= 1
q
+ 172
13
+ · · · ,
we see that
j+5 (z) =
E+4 (z)

+5 (z)
− 172
13
,
which implies that j+5 (ξ) = −172/13. On the other hand, by letting x = −172/13 in (4),
φr(−172/13) = j+5,r(ξ) and λ(1, r)172/13+λ(1, r) ≡ 0 (mod 5), we obtain that for each prime r(	= 5),
j+5,r(ξ) ≡ σ9(r) (mod 5).
This paper is organized as follows. We begin with necessary basic notions in Section 2. The proofs
of Theorems 1.1, 1.2 and 1.3 are given in Section 3 and ﬁnally Theorem 1.4 is proved in Section 4.
2. Preliminaries
In this section we will state the results on the canonical basis for M !k(Γ
+
0 (p)) given in [3]. We
begin by recalling the canonical basis for M !k = M !k(Γ (1)) deﬁned in [5]. Write k = 12lk + rk with
uniquely determined lk ∈ Z and rk ∈ {0,4,6,8,10,14}. Let 
(z) (resp. j(z)) be the usual weight 12
cusp form (resp. the weight 0 modular function) for Γ (1). We observe that multiplication by 
−lk
induces an isomorphism from M !k to M
!
rk
. Since there exists no cusp form in M !rk , the maximal order
of a nonzero f ∈ M !k at ∞ is given by lk . For every integer m  −lk , there exists a unique weakly
holomorphic modular form fk,m ∈ M !k with q-expansion of the form
fk,m(z) = q−m +
∑
n>lk
ak(m,n)q
n
and together they form a basis for M !k . Moreover the basis element fk,m can be given explicitly in
the form fk,m = fk Fk,m+lk ( j), where fk = fk,−lk = 
lk Erk and Fk,D(x) is a monic polynomial in x of
degree D . Here we observe the following three properties (i)–(iii) for the modular forms 
(z) and
Erk (z):
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dim Sk = ord∞ f = k/12.
(ii) 
(z) is the unique normalized cusp form in S12 such that ord∞
 = 1.
(iii) Erk (z) is the unique modular form in M
!
rk
with q-expansion of the form Erk (z) = qt + O (qt+1)
where t = dim Srk .
By ﬁnding analogues of 
(z) and Erk (z) (denoted 

+
p (z) and 
p,rk , respectively) with properties
(i)–(iii) in higher level cases we can do the similar construction of the canonical basis for M !k(Γ
+
0 (p)),
as described in the theorems below.
Theorem 2.1. (See [3].) Let k > 2 be an even integer. Then we have
dim Sk
(
Γ +0 (2)
)={ [ k8 ] − 1, k ≡ 2 (mod 8),[ k8 ], k 	≡ 2 (mod 8),
dim Sk
(
Γ +0 (3)
)={ [ k6 ] − 1, k ≡ 2,6 (mod 12),[ k6 ], k 	≡ 2,6 (mod 12)
and for p > 3
dim Sk
(
Γ +0 (p)
)={ ( p+56 )[ k4 ] + [ k3 ] − k2 , p ≡ 1,7 (mod 12),
(
p+13
6 )[ k4 ] − k2 , p ≡ 5,11 (mod 12).
Proposition 2.2 (Miller basis). (See [3].) Let k > 2 be an even integer and t = tp,k = dim Sk(Γ +0 (p)). Then
the space Sk(Γ
+
0 (p)) has a basis consisting of elements with Fourier expansion of the form q
i + O (qt+1) for
i = 1, . . . , t.
Remark 2.3. Suppose that t = dim Sk(Γ +0 (p)) 1. By Proposition 2.2 there exists a unique cusp form

p,k with q-expansion of the form

p,k(z) = qt + O
(
qt+1
)
.
In the case t = 0, we deﬁne 
p,k = E+k where we set E+0 = 1.
Theorem 2.4. (See [3].)
(i) Put
δ = δp =
⎧⎪⎪⎨⎪⎪⎩
8, if p = 2,
12, if p = 3,
12, if p ≡ 1,7 (mod 12),
4, if p ≡ 5,11 (mod 12).
Then δ is the smallest positive weight k such that there exists a cusp form f ∈ Sk(Γ +0 (p)) with
dim Sk
(
Γ +0 (p)
)= ord∞ f = p + 1
24
k.
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+p ∈ Sδ(Γ +0 (p)) such that ord∞
+p = p+124 δ. More explicitly,

+p (z) =
(
η(z)η(pz)
)δ
.
Theorem 2.5. (See [3].) Let k ∈ 2Z and δ be the integer given in Theorem 2.4. We write
k = δlk + rk where rk =
{
δ + 2, if k ≡ 2 (mod δ),
k − [ k
δ
]δ, otherwise.
(i) For f ∈ M !k(Γ +0 (p)),
ord∞ f 
p + 1
24
δlk + dim Srk
(
Γ +0 (p)
)
.
(ii) We put m′ = mp,k = p+124 δlk + dim Srk (Γ +0 (p)). For each integer m such that −m m′ , there exists a
unique weakly holomorphic modular form fk,m ∈ M !k(Γ +0 (p)) with q-expansion of the form
fk,m = q−m + O
(
qm
′+1).
Explicitly,
fk,m =
(

+p
)lk

p,rk Fk,m+m′
(
j+p
)
,
where Fk,D(x) is a monic polynomial in x of degree D.
(iii) The weakly holomorphic modular form fk,m has integral Fourier coeﬃcients.
(iv) For each f ∈ M !k(Γ +0 (p)), there exists a unique polynomial F˜ ( f , x) such that
f = (
+p )lk
p,rk F˜ ( f , j+p ).
Corollary 2.6. For any f ∈ M !k(Γ +0 (p)), the modular function f(
+p )lk
p,rk is holomorphic in H.
Theorem 2.7. Let k > 2 be any even positive integer. Under the notations in Theorem 2.5, we have
dim Sk
(
Γ +0 (p)
)= p + 1
24
δlk + dim Srk
(
Γ +0 (p)
)
.
Proof. If lk = 0, then the assertion is trivial. Assume that lk is not zero and hence mk,p > 0. By The-
orem 2.5(ii), fk,−1, fk,−2, . . . and fk,−mk,p form a basis for the space Sk(Γ
+
0 (p)) which implies the
assertion. 
Proposition 2.8. dim Srk (Γ
+
0 (p)) + dim Sδ+2−rk (Γ +0 (p)) = (p + 1)δ/24− 1.
Proof. By Theorem 2.1 we have the assertion. 
Theorem 2.9. Let k 4 be an even integer.
(a) There exists a basis of the space Sk(Γ
+
0 (p)) whose elements are eigenforms for all of the Tr for which
gcd(r, p) = 1.
(b) The eigenvalues of Tr : Sk(Γ +0 (p)) → Sk(Γ +0 (p)) are algebraic integers.
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operator Tr acting on the space Sk(Γ
+
0 (p)).
(b) It follows from [9, Theorem 1] that
Sk
(
Γ +0 (p)
)= Soldk (Γ +0 (p))⊕ Snewk (Γ +0 (p))
where Soldk (Γ
+
0 (p)) = { f (z) + pk/2 f (pz) | f ∈ Sk(Γ (1))} and Snewk (Γ +0 (p)) = { f ∈ Snewk (Γ0(p)) |
f |kWp = f }. It is well known that the space Snewk (Γ0(p)) has a basis of newforms (i.e. eigenforms
of all Tr and Wp), and the eigenvalues are algebraic integers (see [1, Theorem 5] and [13, Theo-
rem 2.29]). Thus the eigenvalues corresponding to newforms in Snewk (Γ
+
0 (p)) are algebraic integers.
As for the space Soldk (Γ
+
0 (p)), we note that the linear map T : Sk(Γ (1)) → Soldk (Γ +0 (p)) deﬁned by
T ( f ) = f + f |kWp is an isomorphism. Thus the images of newforms in Sk(Γ (1)) under the map T
form a basis of Soldk (Γ
+
0 (p)) consisting of Hecke eigenforms. Therefore the eigenvalues corresponding
to common eigenforms in Soldk (Γ
+
0 (p)) are algebraic integers, too. 
Example 2.10. Consider the space S12(Γ
+
0 (5)). This space is three-dimensional, spanned by one
oldform 
(z) + 56
(5z) and two newforms. Our Miller basis { f12,−3, f12,−2, f12,−1} enables us to
construct such eigenforms explicitly. It follows from Theorem 2.5 that the elements of the basis and
their Fourier expansions are given by
f12,−3(z) =
(

+5 (z)
)3 = q3 − 12q4 + 54q5 − 88q6 + · · · ,
f12,−2(z) =
(

+5 (z)
)3(
j+5 (z) + 12
)= q2 + 44q4 − 288q5 + 306q6 + · · · ,
f12,−1(z) =
(

+5 (z)
)3(
j+5 (z)
2 + 12 j+5 (z) − 178
)= q + 2608q4 − 65q5 + 23472q6 + · · · .
Computing the ﬁrst three expansions of the images under T2 of these three functions, we ﬁnd that
T2( f12,−3) = −88 f12,−3 − 12 f12,−2,
T2( f12,−2) = 306 f12,−3 + 44 f12,−2 + f12,−1,
T2( f12,−1) = 23472 f12,−3 + 4656 f12,−2.
The matrix
(−88 306 23472
−12 44 4656
0 1 0
)
has distinct eigenvalues λ1 = −24, λ2 = −10 − 6
√
151 and λ3 = −10 +
6
√
151, so there are three normalized eigenfunctions of T2 in S12(Γ
+
0 (5)), namely the functions
f1 = 252 f12,−3 − 24 f12,−2 + f12,−1,
f2 = (−110+ 32
√
151) f12,−3 + (−10+ 6
√
151) f12,−2 + f12,−1,
f3 = (−110− 32
√
151) f12,−3 + (−10− 6
√
151) f12,−2 + f12,−1,
with T2( f i) = λi f i for i = 1,2,3. The uniqueness of these eigenfunctions and the fact that Tr com-
mutes with T2 for all r imply that Tr( f i) is a multiple of f i for all prime r 	= p. Thus f1, f2 and f3
give a basis of S12(Γ
+
0 (5)) consisting of normalized Hecke eigenforms.
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Proof of Theorem 1.1. In the following, we use the notations in Theorem 2.5. For positive even inte-
ger k, we see that 2− k = δ(−lk − 1) + (δ + 2− rk). Let t := dim Sk(Γ +0 (p)). By Theorems 2.5, 2.7 and
Proposition 2.8, we can easily know that mp,2−k+t+1 = 0 and hence mp,2−k −1. Let f ∈ S !k(Γ +0 (p))
have the q-expansion
f = q−h f + O (q−h f +1)= ∞∑
n=−h f
a f (n)q
n with h f > 0.
Then the class represented by f in ̂Sk(Γ
+
0 (p)) contains an element having the q-expansion
q−h + O (q−h+1)= ∞∑
n=−h
a f (n)q
n withmp,2−k < −h.
Indeed, we assume that −h f  mp,2−k . Then by Theorem 2.5 there exist functions f2−k,i ∈
M !2−k(Γ
+
0 (p)) having the following q-expansions:
f2−k,h f = q−h f + O
(
qmp,2−k+1
)
,
f2−k,h f −1 = q−h f +1 + O
(
qmp,2−k+1
)
,
...
f2−k,(−mp,2−k) = qmp,2−k + O
(
qmp,2−k+1
)
and hence we have that
Dk−1 f2−k,h f = c0q−h f + O
(
qmp,2−k+1
) ∈ S !k(Γ +0 (p)),
Dk−1 f2−k,h f −1 = c1q−h f +1 + O
(
qmp,2−k+1
) ∈ S !k(Γ +0 (p)),
...
Dk−1 f2−k,(−mp,2−k) = ch f +(mp,2−k)qmp,2−k + O
(
qmp,2−k+1
) ∈ S !k(Γ +0 (p))
with ci 	= 0. Let
f1 := f − 1
c0
Dk−1 f2−k,h f −
a f (−h f + 1)
c1
Dk−1 f2−k,h f −1 − · · · −
a f (mp,2−k)
ch f +mp,2−k
Dk−1 f2−k,(−mp,2−k).
Then f1 = O (qmp,2−k+1) is contained in the class in ̂Sk(Γ +0 (p)) represented by f and hence cf1 is the
thing desired by us for some constant c. If mp,2−k = −1, then f1 is contained in Sk(Γ +0 (p)) and t = 0.
This means
dim ̂Sk
(
Γ +0 (p)
)= 0 = dim Sk(Γ +0 (p)).
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f = q−h + O (q−h+1)= ∞∑
n=−h
a f (n)q
n withmp,2−k < −h t.
If h < 0, then f belongs to the space Sk(Γ
+
0 (p)). Meanwhile if h > 0, we consider functions
fk,h, fk,h−1, . . . , fk,1. Since t = mp,k  1, by Theorem 2.5 we have a cusp form f −∑hn=1 a f (−n) fk,n
of weight k for Γ +0 (p). This implies that
̂Sk(Γ
+
0 (p)) is generated by the classes represented by
fk,t, fk,t−1, . . . , fk,1
and hence dim ̂Sk(Γ
+
0 (p)) t . We will now show that the classes represented by the functions
fk,t, fk,t−1, . . . , fk,1
are linearly independent. Let
t∑
i=1
ai fk,i ∈ Dk−1
(
M !2−k
(
Γ +0 (p)
))⊕ Sk(Γ +0 (p))
for some ai ∈ C. Then there exist functions g1 ∈ M !2−k(Γ +0 (p)) and g2 ∈ Sk(Γ +0 (p)) such that
t∑
i=1
ai fk,i − g2 = Dk−1g1.
This means that the function g1 has a q-expansion of the form g1(z) = O (q−t). Since (
+p )lk
rk has
a q-expansion of the form qt + O (qt+1), a function (
+p )lk
rk g1 has a q-expansion of the form O (1).
Therefore we have (
+p )lk
rk g1 ∈ M2(Γ +0 (p)) = {0}. Thus g1 = 0 and
t∑
i=1
ai fk,i ∈ Sk
(
Γ +0 (p)
)
which implies that a1 = a2 = · · · = at = 0. Hence we obtain
dim ̂Sk
(
Γ +0 (p)
)= t. 
Proof of Theorem 1.2. Let t = dim ̂Sk(Γ +0 (p)). Since the classes f̂k,1, f̂k,2, . . . , f̂k,t form a basis of the
space ̂Sk(Γ
+
0 (p)), any element f̂ of
̂Sk(Γ
+
0 (p)) can be written as follows:
f̂ =
t∑
i=1
ai f̂k,i .
Assume that { f̂ , g} = ∑ti=1 ai{ f̂k,i, g} = 0 for all cusp forms g ∈ Sk(Γ +0 (p)). Noticing that
{ f̂k,i, fk,−i} = 1 and { f̂k,i, fk,− j} = 0 for all 1 i < j  t , we obtain that
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t∑
i=1
ai{ f̂k,i, fk,−t} = { f̂ , fk,−t} = 0.
We have that
at−1 =
t−1∑
i=1
ai{ f̂k,i, fk,−t+1} = { f̂ , fk,−t+1} = 0.
Continuing this procedure we obtain that at−2 = at−3 = · · · = a1 = 0 and hence f = 0. Now assume
that { f̂ , g} = 0 for all elements f in ̂Sk(Γ +0 (p)). Since g =
∑t
i=1 bi fk,−i for some bi ∈ C, by the similar
procedure as we showed ai = 0 we obtain
b j =
t∑
i= j
bi{ f̂k, j, fk,−i} = { f̂k, j, g} = 0
and hence g = 0. 
Proof of Theorem 1.3. The assertion (i) follows from (2). By Theorem 2.9, we can choose such a
basis of Sk(Γ
+
0 (p)) consisting of Hecke eigenforms fn =
∑
m>0 λ(n,m)q
m (n = 1,2, . . . , t) which are
normalized by the condition λ(n,1) = 1. Then we have Tm fn = λ(n,m) fn for all positive integers m
coprime to p.
Since f ∗n =
∑
m−t μ(m,n)qm is a representative in S !k(Γ
+
0 (p)) of the element in
̂Sk(Γ
+
0 (p)) which
is dual to fn with respect to the pairing, we come up with
{
f̂ ∗n , fl
}= t∑
m=1
μ(−m,n)λ(l,m)
mk−1
= δnl (5)
where δnl is the Kronecker delta function. Then we have that for any prime r(	= p) and n = 1,2, . . . , t{
Tr f̂ ∗n , fl
}= { f̂ ∗n , Tr fl}= { f̂ ∗n , λ(l, r) fl}= λ(l, r){ f̂ ∗n , fl}= λ(l, r)δnl
for all l = 1,2, . . . , t . This shows that{
Tr f̂ ∗n − λ(n, r) f̂ ∗n , fl
}= {Tr f̂ ∗n , fl}− λ(n, r){ f̂ ∗n , fl}= λ(l, r)δnl − λ(n, r)δnl = 0
for all l = 1,2, . . . , t and hence from Theorem 1.2 we have that Tr f̂ ∗n = λ(n, r) f̂ ∗n for all n = 1,2, . . . , t .
Thus the assertion (ii) follows. 
4. Proof of Theorem 1.4
First we are in need of several lemmas.
Lemma 4.1. (See [10, Von Staudt Congruences].) For the n-th Bernoulli number Bn, we have
Bn ≡
∑
(p−1)|n
− 1
p
(mod Z).
In particular, Bn has a pole of order 1 at p if n ≡ 0 (mod p − 1).
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(i) If ( ps )
(k−2)/(s−1) 	= −1, then E+k−2 is s-integral and E+k−2 ≡ 1 (mod s).
(ii) If ( ps ) 	= −1 and s > 3, then E+s−1 is s-integral and E+s−1 ≡ 1 (mod s).
Proof. Since k ≡ 2 (mod s − 1), we have that s − 1 divides k − 2 and hence 1/Bk−2 has a zero
of order 1 at s. By this fact and the deﬁnition of Ek−2 we come up with Ek−2 ≡ 1 (mod s) and
Ek−2 + p(k−2)/2Ek−2(pz) is s-integral. Moreover since the condition ( ps )(k−2)/(s−1) 	= −1 says that 1+
p(k−2)/2 	≡ 0 (mod s), we obtain the ﬁrst assertion. In (i) just taking k = s + 1 we get the second
assertion. 
Let s > 2 be a prime and assume that k ≡ 2 (mod s−1). There exists a unique polynomial Ψk−1(x)
such that
E+k−2 =
(

+p
)lk−2
rk−2Ψk−1( j+p ).
Recall that
E+s−1 =
(

+p
)ls−1

rs−1Ψs
(
j+p
)
.
Then we have the following lemma.
Lemma 4.3. Let s > 3 be a prime and assume that k ≡ 2 (mod s − 1). If ( ps ) 	= −1, then Ψk−1(x) ≡ 0
(mod Ψs(x)) holds in (Z(s)/sZ(s))[x].
Proof. By Lemma 4.2 we obtain that
E+s−1 =
(

+p
)ls−1

rs−1Ψs
(
j+p
)≡ 1 (mod s)
and
E+k−2 =
(

+p
)lk−2
rk−2Ψk−1( j+p )≡ 1 (mod s).
Let a = k−2s−1 and b = lk−2 − ls−1a. We then have
Ψk−1
(
j+p
)≡ 1
(
+p )lk−2
rk−2
= 1
(
+p )b((
+p )ls−1)a
rk−2
≡
[
1
(
+p )b

ars−1

rk−2
]
Ψs
(
j+p
)a
(mod s).
Here we observe that 1
(
+p )b

ars−1

rk−2
= (

+
p )
ls−1a
ars−1
(
+p )lk−2
rk−2
has weight zero and is holomorphic in H by Corol-
lary 2.6. Thus 1
(
+p )b

ars−1

rk−2
is a polynomial in j+p and so Ψs(x) divides Ψk−1(x) in (Z(s)/sZ(s))[x]. 
Now we are ready to prove Theorem 1.4. Since Tr f ∗n − λ(n, r) f ∗n = 0 in ̂Sk(Γ +0 (p)), there exists a
weakly holomorphic modular form gn =∑m amqm ∈ M !2−k(Γ +0 (p)) and h ∈ Sk(Γ +0 (p)) such that
Tr f
∗
n − λ(n, r) f ∗n = Dk−1gn + h.
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r > t we have that
amr(mr)
k−1 = rk−1μ(m,n) (m = −1,−2, . . . ,−t)
and
am(m)
k−1 = −λ(n, r)μ(m,n) (m = −1,−2, . . . ,−t)
which imply that
gn = −
t∑
m=1
μ(−m,n)
mk−1
q−mr + λ(n, r)
t∑
m=1
μ(−m,n)
mk−1
q−m + αn + O (q) (6)
for some constant αn .
We now determine the constant term αn of gn . Since gnG
+
k ∈ M !2(Γ +0 (p)), the constant term in its
q-expansion is zero, that is,
(
1+ pk/2)αn = − 2k
Bk
(
t∑
m=1
μ(−m,n)
mk−1
t(rm) − λ(n, r)
t∑
m=1
μ(−m,n)
mk−1
t(m)
)
= − 2k
Bk
(
t(r) − λ(n, r)) t∑
m=1
μ(−m,n)
mk−1
t(m).
On the other hand, (1 + pk/2)gn(
+p )lk−2
rk−2 = Φgn ( j+p ) for a unique polynomial Φgn (x) in x. Then
Φgn (x) is v-integral. Indeed, the principal part of (1 + pk/2)gn(
+p )lk−2
rk−2 determines Φgn . Note
that (
+p )lk−2
rk−2 = O (q) if lk−2 > 0 or (p, rk−2) is not contained in the set S = {(2,4), (2,6), (2,10),
(3,4), (3,6), (5,6)}, then αn does not affect the principal part of gn(
+p )lk−2
rk−2 . Thus the polyno-
mial Φgn (x) is v-integral. If lk−2 = 0 and (p, rk−2) ∈ S then k belongs to {6,8,12}, (
+p )lk−2
rk−2 =
E+rk−2 ∈ Z[[q]] and (2k)/Bk is s-integral. Indeed, (2k)/Bk = 504,−480,−65520/691 for k = 6,8,12 re-
spectively and since s > max{3, t} and k ≡ 2 (mod s − 1), the possible primes are s = 5,7 and 11.
Consequently the polynomial Φgn (x) is v-integral.
Noticing the facts that (1+ pk/2)gn(z)E+k−2(z) is a v-integral polynomial in j+p (z) and E+k−2(z) ≡ 1
(mod s), from (6) we obtain that
(
1+ pk/2)gn(z)E+k−2(z) ≡ (1+ pk/2)gn(z)
≡ (1+ pk/2)(− t∑
m=1
μ(−m,n)
mk−1
φmr
(
j+p
)+ λ(n, r) t∑
m=1
μ(−m,n)
mk−1
φm
(
j+p
))
+ (1+ pk/2)αn (mod s).
From this congruence, Lemma 4.3 and the fact that
(
1+ pk/2)gn(z)E+k−2(z) = Φgn( j+p (z))Ψk−1( j+p (z))
we obtain
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1+ pk/2)αn ≡ − 2k
Bk
(
t(r) − λ(n, r)) t∑
m=1
μ(−m,n)
mk−1
t(m)
≡ (1+ pk/2)( t∑
m=1
μ(−m,n)
mk−1
φmr(x) − λ(n, r)
t∑
m=1
μ(−m,n)
mk−1
φm(x)
)
(mod Ψs)
holds in (O K ,v/vO K ,v )[x]. 
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